We show that charged-lepton masses can be radiatively induced in multi-Higgs doublet models (NHDMs) through the renormalization group running of Yukawa couplings from high to low energies. Some extreme examples of electron and muon mass generation are discussed in the context of two and three Higgs doublet models. It is also shown that quantum corrections to the Yukawa couplings can be naturally of the same order as the tree-level values. We also comment on the implications of considering extensions of NHDMs in which right-handed neutrinos are added.
I. INTRODUCTION
The discovery of a Standard Model (SM) Higgs-like boson at the Large Hadron Collider (LHC) [1] represents an important milestone on the understanding of mass generation and electroweak symmetry breaking (EWSB). Still, and in spite of decades of theoretical investigation, the reason why fermion masses span over several orders of magnitude remains in terra incognita. The quark and charged-lepton mass pattern suggests that third-generation masses arise at the classical level whereas the remaining ones originate from quantum corrections. This hypothesis, based on the possibility that the electron mass could be radiatively induced by the mass of the muon, was originally put forward by 't Hooft in his seminal work on the renormalizability of non-Abelian gauge theories [2] . Attempts of implementing this idea in specific scenarios were pursued soon after by several authors [3] . Later on, realistic models of radiative fermion-mass hierarchy were investigated in the framework of Grand Unified theories (GUTs). In such cases, light fermion masses are induced at the quantum level via the exchange of heavy particles with masses of the order of the GUT scale [4] . The possibility of generating light fermion masses (and small mixing matrix elements) radiatively has also been investigated in supersymmetric theories [5] .
An alternative explanation for fermion-mass hierarchies relies on imposing new symmetries which act on flavor space and, thus, constrain the structure of the Yukawa couplings. In this context, the most popular scenario is perhaps the one in which the shaping symmetries are Abelian U(1)'s broken by the vacuum expectation value (VEV) of some scalar flavon fields, S . Below the typical mass scale M of these scalars, effective Yukawa couplings are given by powers of small parameters ǫ ∼ S /M ≪ 1 [6] . More recently, a great deal of attention has been devoted to discrete symmetries in the explanation of neutrino masses and mixing [7] . Some of these models postulate the existence of several Higgs doublets [8] which couple to the fermion fields according to the rules imposed by broken or unbroken symmetries depending, for instance, on whether the Yukawa couplings are generated at the renormalizable level or not. The fermion mass pattern will then reflect the properties of the Yukawa couplings and also of the vacuum configuration. It is common practice to consider that a certain VEV pattern is not phenomenologically viable if it does not lead to the correct values of fermion masses at tree level. For instance, if at tree level a charged lepton e i is massless (or too light) in a multi-Higgs doublet model where only the neutral component of one of the doublets acquires a VEV, one would rule out the model. However, although not contributing classically to the mass m e i , Yukawa couplings between e i and the zero-VEV Higgs doublets could induce, at the quantum level, a sizable coupling with the Higgs which acquires a VEV, thus generating (or contributing to) m e i after EWSB.
In this Letter we explore the possibility of radiative charged-lepton mass generation due to the aforementioned corrections, considering also some simple examples in the 2HDM and 3HDM. To conclude, we briefly comment on the implications of our results in NHDMs extended with right-handed neutrinos.
II. RADIATIVE CHARGED-LEPTON MASS GENERATION IN NHDMs
Let us consider an extension of the SM with N Higgs doublets
Lagrangian for quarks and leptons is
where q Li , ℓ Li denote the quark and lepton doublets, while u 
with y X ai real and positive. After EWSB, tree-level mass matrices are generated as
where v a = φ 
where µ and Λ are the renormalization and reference energy scales, respectively. For the NHDM, the corresponding beta function at one loop is [9] β (1)
with α g = −9g 2 /4 − 15g ′2 /4, being g and g ′ the SU(2) W and U(1) Y gauge couplings, and
In order to simplify our analysis, we henceforth consider the Higgs basis [10] where all VEVs are zero except the one of some φ 0 a (v a = v = 174 GeV) and Yukawa couplings are rotated accordingly. Unless explicitly stated, we will always work in this basis (although our results hold for a general vacuum configuration). Therefore, the charged-lepton mass matrix is given by
at tree level.
We are interested in studying the one-loop corrected Yukawa couplings, which we denote
a . The beta function of Y 
where Λ is a high scale at which the Yukawa couplings are initially given, and m H is the typical scale of the extra scalars in the theory. This rough approximation illustrates the fact that the Yukawa couplings with the Higgses which do not acquire VEVs (and, therefore, do not contribute to masses at tree level) can induce important contributions to Y ℓ a , depending on the scales Λ and m H , and on the size of the couplings Y ℓ b (b = a). As we will show later, one could even generate charged-lepton masses solely from these new contributions.
In order to have three massive charged leptons, we require r(Y ℓ(1) a ) = 3, where r(A) represents the rank of a matrix A. It is straightforward to check that quantum corrections in the context of the NHDM may affect the rank of the Yukawa coupling matrices, and thus induce lepton masses which are absent at tree-level. In particular, the beta function for Y ℓ a , at any loop order n, can be written in the form
where X (n) a,k are matrices in flavor space. For instance, from eq. (5), one has
Notice that the structure of Y ℓ(n) a will be the same as that of eq. (9) with different X matrices, X ′(n) a,k . Since r(AB) ≤ min{r(A), r(B)}, it is clear that the rank of each term in the sum of eq. (9) is, at most, equal to r(Y ℓ
In fact, barring tailored cancellations among Yukawa structures, equality generally holds in the above equation. This result implies that one can in principle generate charged-lepton masses from low-rank tree-level Yukawa couplings. Hence, the number of massive charged leptons will depend on these ranks and on the number of existing Higgs doublets. For instance, to end up with n m massive charged leptons from rank-1 (tree-level) mass and Yukawa matrices one would need 1 N ≥ n m . To make our point clear, let us consider a couple of very simple and extreme examples where radiative mass generation is important.
Notice that it is not our goal to frame these examples in the context of specific models but to provide a proof of concept for our claims. Further investigation on this subject will be presented elsewhere [12] .
In the 2HDM case [13] only one charged-lepton mass can be radiatively generated from rank-1 Yukawa matrices in the Higgs basis. Instead, if 3 − n charged leptons are massive at tree level, one needs r(Y 
This condition is necessary but not sufficient due to the aforementioned possibility of cancellations. In fact, rank is not strictly additive if and only if the matrices column spaces or row spaces intersect (see for instance [11] ). This happens in the trivial case
Notice that in the following examples the zero entries in the Yukawa matrices should perhaps not be taken as strict zeros but interpreted as the limit of having very suppressed entries. We also remark that our results are valid for more complicated flavor structures which we do not consider here.
. For simplicity, we consider all parameters real neglecting possible CPviolating effects in the leptonic sector [14] . Within this setup, it is straightforward to see that only the tau is massive at tree level. Taking into account the beta function given in eq. (5) and the fact that, due to the vacuum configuration, only Y ℓ 3 is relevant for the charged-lepton masses, we obtain
at one loop in the leading-log approximation. Notice that we are not interested here in possible flavor changing neutral current constraints [15] since these can be avoided considering the decoupling limit of NHDMs [16] . In our examples we will assume Λ = Λ GUT ∼ 10 bly explained imposing U(1) symmetries à la Froggatt-Nielsen [6] . If the structure of the couplings Y ℓ a were non-diagonal, not only masses would be generated but also corrections to lepton mixing would arise. Although a general treatment of how mixing is corrected in the NHDM can be carried out, we just present a simple example which illustrates the effect.
Consider the same 3HDM as before with the following rank-1 Yukawa matrices,
Due to the (0, 0, v) vacuum, only one charged lepton is massive at tree level. Taking radiative effects into account, the Yukawa matrix Y 
with α 3i Y given in eq. (6) . Recalling that the mass matrix is M
3 , the following masses are obtained
at the one-loop level. Taking (ǫ 1 , ǫ 2 , ǫ 3 ) ≃ (6.6 × 10 −4 , 0.14, 0.01), α 3i Y ∼ O(1) and ǫ ≪ 1, these expressions reproduce the observed values for m e,µ,τ . The difference between this example and the previous one is that the flavor structure of the charged-lepton mass matrix is no longer trivial. In fact, it can be shown that the left-handed rotation which brings M (1) ℓ to the diagonal basis is
This rotation would be extremely important if, for instance, the neutrino mass matrix exhibited a tribimaximal (TBM) mixing pattern [17] (which is now experimentally excluded due to the fact that the reactor neutrino angle is nonzero). If this were the case in our example, then the lepton mixing matrix would have to be corrected from U TBM to V † L U TBM , in order to account for the transformation to the diagonal basis of the charged-lepton left-handed fields. This would result in the following mixing angles
which, for |ǫ| ≃ 0.15, lead to the right value for the reactor neutrino angle θ 13 , keeping the remaining mixing angles within their experimentally allowed ranges [18] . This simple example shows how a scenario which would be excluded by tree-level considerations becomes phenomenologically viable when quantum corrections to the charged-lepton Yukawa couplings are included. We point out that we have started from a situation where the muon and the electron were massless and θ 13 = 0, to end up with a case where m e , m µ and θ 13 are radiatively generated.
Although we have presented examples with massless charged leptons at tree level -which would certainly call for a justification -we stress that, even if this is not the case, the RGE corrections to the Yukawas in NHDMs should always be kept in mind. To illustrate this, consider a 2HDM with real and diagonal Yukawa matrices Y 
1i = y 1i − δy 1i , where
With α g + α
11
Y + α amounts to approximately 70% of the tree-level masses.
We now move into a brief digression on NHDMs extended with three right-handed neutrinos ν Rj of masses M j ≫ v. In this case, the Yukawa Lagrangian reads
where L has been given in eq. (1), and Y ν a are the Dirac neutrino Yukawa coupling matrices. In the SM, the presence of couplings Y ν cannot generate charged-lepton masses radiatively since the new terms in the beta function of Y ℓ are of the form Y ν Y † ν Y ℓ . Thus, the chargedlepton Yukawa eigenvalues will always be proportional to themselves [19] . In contrast, the 
with α . Our result agrees with that presented in Ref. [21] . Notice that the right-handed neutrinos add two new contributions to the beta function β 
III. CONCLUSIONS
In this Letter we have shown that, in NHDMs, charged-lepton masses can be radiatively generated in a natural way due to the presence of Yukawa couplings of leptons and quarks with the extra non-SM Higgs doublets. We stress that these corrections should be taken into account in phenomenological studies of fermion mass and mixing models with more than one Higgs doublet. This could, for instance, be the case of some neutrino mass and mixing scenarios based on discrete symmetries. Hence, corrections to tree-level eigenvalues induced by the Yukawa couplings of all Higgs doublets should generally be considered in this class of models, especially if one aims at comparing model predictions with experiment. It is also important to mention that, besides affecting charged-lepton masses, the RGE running may have dramatic effects on the left-handed rotation which brings the charged-lepton mass matrix to its diagonal form [21] . This will obviously alter the predictions for lepton mixing parameters, which have to be confronted with neutrino oscillation data. More detailed studies on this subject and its impact on fermion mass models with more than one Higgs doublet will be presented elsewhere [12] .
Note added: While this Letter was being finalized, a related work appeared [22] , where it is shown that quark masses and mixing can also be generated radiatively through the same effect discussed here.
